Ehrenfeucht's lemma [Ehr73] asserts that whenever one element of a model of Peano arithmetic is definable from another, then they satisfy different types. We consider here the analogue of Ehrenfeucht's lemma for models of set theory. The original argument applies directly to the ordinal-definable elements of any model of set theory, and in particular, Ehrenfeucht's lemma holds fully for models of set theory satisfying V = HOD. We show that the lemma can fail, however, in models of set theory with V = HOD, and it necessarily fails in the forcing extension to add a generic Cohen real. We go on to formulate a scheme of natural parametric generalizations of Ehrenfeucht's lemma, namely, the principles of the form EL(A, P, Q), which asserts that whenever an object b is definable from some a ∈ A using parameters in P , with b = a, then the types of a and b over Q are different. We also consider various analogues of Ehrenfeucht's lemma obtained by using algebraicity in place of definability, where a set b is algebraic in a if it is a member of a finite set definable from a (as in [HL13] ). Ehrenfeucht's lemma holds for the ordinal-algebraic sets, we prove, if and only if the ordinal-algebraic and ordinal-definable sets coincide. Using similar analysis, we answer two open questions posed in [HL13], by showing that (i) algebraicity and definability need not coincide in models of set theory and (ii) the internal and external notions of being ordinal algebraic need not coincide.
Introduction
Ehrenfeucht's lemma asserts that if an element b in a model M of Peano arithmetic (PA) is definable from another distinct element a, then the types of a and b in M must be different. This lemma first appeared in a short paper of Ehrenfeucht's [Ehr73] , who used it to argue that if a model of PA is the Skolem closure of a single element a, then a is the only element of its type; consequently, such models have no non-trivial automorphisms. Since that time, Ehrenfeucht's lemma has become ubiquitous in the study of models of PA. In light of the extensive transfer of model-theoretic techniques from models of PA to models of set theory, we find it extremely natural to inquire whether Ehrenfeucht's lemma holds for models of set theory.
The initial answer is that Ehrenfeucht's original argument succeeds directly in models of V = HOD, and more generally, it applies to the ordinal-definable elements of any model of set theory. Nevertheless, we prove that the lemma does not hold in all models of ZFC, and it definitely fails in the forcing extension obtained by adding a generic Cohen real.
Proof. Suppose that b is definable in M from an ordinal-definable element a in M . It follows that b also is ordinal-definable, and there is a definable class function f : M → M such that f (a) = b. (Namely, the function defined by f (x) = y, if y is the unique set such that ϕ(x, y), where ϕ(a, b) is a fixed formula defining b from a, and otherwise y = ∅ if there is no such set.) Let us assume that a < b in the definable well-ordering of OD M ; the case b < a can be handled by an essentially identical argument.
1 Let G be the graph on M having as edges the pairs {x, f (x)} whenever x, f (x) ∈ OD M and x < f (x) with respect to the OD order. In particular, there is an edge between a and b in G. Note that G is loop-free, because it is graded by the OD-order and every node has upward degree at most one, since the only node above x that could be connected directly to x is f (x). So G is a tree, and within each connected component, we have the graph metric d(x, y), which is the length of the shortest path of edges in G connecting x to y. Let c be the OD-least element in the connected component of a and b in G. Note that c is definable from either a or b by this property. Since a and b are connected by an edge, it follows that the distances d(a, c) and d(b, c) differ by precisely one. In particular, the distance of a to the least member of its connected component is even, just in case the distance of b to the least member of its connected component is odd, and this is therefore a property that distinguishes the types of a and b in M . A similar argument applies whenever we define a lower-rank set from a higher-rank set: Theorem 2.3. If a set b is definable from a set a in a model of set theory M |= ZF and b has strictly lower rank than a, then a and b have different types in M .
Proof. Assume that b is definable from a and has strictly lower rank than a in M . As before, there is a definable function f : M → M such that b = f (a). Starting from a, let us iteratively apply the function-producing a, f (a), f (f (a)), and so on-continuing so long as the ordinal rank of the result continues to drop at each step. Since there is no infinite descending sequence of ordinals in M , this process must stop after a finite number of steps in M . The number of steps required must be either even or odd in M , and since b = f (a) starts one step later than a, the number will be even for a if and only if it is odd for b, and so the types of a and b must be different.
Note that in the previous theorem, the rank function could be replaced by any other Mdefinable function. So if b is definable from a in a model M of ZF, and M |= F (b) ∈ F (a), for some function F which is M -definable without parameters, then a and b are discernible. One example would be the cardinality function in a model of ZFC.
Question 2.4. Does the conclusion of the previous theorem also go through in the case that b has strictly higher rank than a?
Meanwhile, Ehrenfeucht's lemma does fail in some models of set theory, and it necessarily fails after forcing to add a generic Cohen real. Indeed, we shall prove that in such a forcing extension, there are inter-definable sets having the same type, even when one allows arbitrary parameters from the ground model. 
In particular, if ZFC is consistent, then Ehrenfeucht's lemma fails in some models of ZFC.
Proof. It is easy to see that the forcing to add a Cohen real is isomorphic to the ω-fold finitesupport product P of this forcing, and since this will be more convenient, we shall work instead with P. More precisely, conditions in P are finite functions p : dom(p) → <ω 2, with dom(p) ⊆ ω, ordered in the natural way by enlarging the domain and extending on each coordinate. Thus, p(n) specifies finitely many bits of the Cohen real to be added at coordinate n. Suppose that G ⊆ P is M -generic and consider the forcing extension M [G]. For each n < ω, let g n = {p(n) | p ∈ G} be the corresponding Cohen real added on coordinate n, and let C = {g n | n < ω}, A = {g 2n | n < ω} and B = {g 2n+1 | n < ω}. Finally, let a = C, A and b = C, B .
Clearly, in M [G] we have A = C \ B and B = C \ A, and so a is definable from b, and b is definable from a, using the same defining formula in each case.
We shall now show that a and b satisfy the same formulas in M [G], while allowing arbitrary parameters from M . LetȦ,Ḃ, andĊ be the natural P-names for A, B, and C, respectively. Suppose that M [G] |= ϕ(a, s) for some s ∈ M , and fix a condition p ∈ P such that p ϕ( Ċ ,Ȧ ,š). In M , we construct an automorphism π of P by swapping certain coordinates as follows. For each i in the support of p, which is a finite set, there is by density a coordinate m i ∈ ω, with the opposite parity of i, such that p(i) ⊆ g mi and where the m i are all distinct. Let π be an automorphism of P that interchanges all the even and odd coordinates of the product, undertaken in such as way so as also to swap each i in the support of p with the preselected coordinate m i . Because the support of p is finite, we can find such an automorphism π in M . It follows that
. Our careful choice of m i ensures specifically that p ∈ H. And since π swaps the even and odd coordinates altogether, we haveĊ
which means that M [H] and hence M [G] satisfies ϕ( C, B , s) and thus ϕ(b, s). So we have shown that tp
A similar argument is used in [Ena04b, thm 3.1] in order to show that the Leibniz-Mycielski axiom can fail in a model of set theory; the new contribution here is that we also make the counterexample sets a and b inter-definable. One interesting consequence of this argument is that M [c] can have no ordinal-definable nor even M -definable choice function on the class of all pairs, for we have no definable way to pick one element of {a, b} over the other by means of any property in M [c] using parameters from M . In particular, there can be no M -definable linear ordering of the universe in M [c]. A class forcing version of the argument, adding a Cohen set at each regular cardinal, provides a model in which there is no definable linear order of the universe at all, using any set parameters (see [Ham12] ).
Question 2.6. If Ehrenfeucht's lemma holds in a model of set theory M , then does it follow that M |= V = HOD?
A family of parametric Ehrenfeucht principles
We would like to introduce a natural family of variations of Ehrenfeucht's lemma by allowing parameters in various ways into the definitions and the types. Let us begin with the observation that the original parameter-free version of Ehrenfeucht's lemma is equivalent to a version allowing parameters, which might seem stronger at first sight.
Observation 3.1. If Ehrenfeucht's lemma holds in a model of set theory M |= ZF, then the following parametric version of it also holds: if b = a is definable from a in M using some parameter p, then the types of a and b over p in M are different.
Proof. If b is definable in M from a with parameter p, then the pair b, p is definable in M from the pair a, p , without parameters. Since Ehrenfeucht's lemma holds in M , the types of a, p and b, p in M must be different, and so there is a formula ϕ for which ϕ( a, p ) and ϕ( b, p ) have different truth values in M . From this it follows that the types of a and b over p in M are different.
More interesting generalizations arise when one does not insist that the parameter used to distinguish a and b is the same as the parameter used to define b from a.
Definition 3.2. Let M |= ZF, and let A, P, Q ⊆ M . The principle EL(A, P, Q) for M asserts that if a ∈ A, a = b and b is definable in M from a, using parameters from P , then there is a formula ϕ and parameters c ∈ Q such that M |= ϕ(a, c), but M |= ¬ϕ(b, c). So, in plain words, EL(A, P, Q) says that P -definability from A implies Q-discernibility. We shall write EL(M ) for EL(M, ∅, ∅), which is the original Ehrenfeucht's lemma assertion.
Expressed in this new terminology, what theorem 2.1 shows is that EL(OD M , ∅, ∅) holds for every model of set theory M |= ZF. Similarly, theorem 2.5 shows that
is the forcing extension of M |= ZFC by adding a Cohen real c. For the rest of this section, we would like to explain how several other principles that have been considered can be expressed in the form EL(A, P, Q).
Notice that the principle EL(A, P, Q) gets stronger if A or P are enlarged, or if Q is diminished.
Observation 3.3. Fix a model M |= ZF, and a subset P ⊆ M . Then
In fact, in each case, it follows that if b = a ∈ A is definable from a using parameters p ∈ P in M , then a and b can be distinguished in M using the same parameters p.
Proof. The first part follows immediately from Observation 3.1. A repetition of the proof shows the second part: If b = a is definable in M from a ∈ A, using the parameters p ∈ P , then b, p is definable in M from a, p without parameters. Since a, p ∈ A, it follows from EL(M, A, ∅, ∅) that the M -types of a, p and b, p are different, and this implies as before that the M -types of a and b over p are different.
Theorem 3.4. Given a model M |= ZF, the principle EL(M, On M , On M ), which says that in M , ordinal definability implies ordinal discernibility, is first-order expressible. That is, there is a sentence ϕ such that for any M |= ZF, M |= ϕ if and only if M satisfies EL(M, On M , On M ).
Proof. The sentence in question expresses the following: for any sets a = b, if ϕ is a code for a formula and there are ordinals β < α such that ϕ defines b from a in V α , using the parameter β, then there is a code χ(x, y) for a formula and there are ordinals γ and δ with γ < δ such that in
M , then the principle EL(M, A, B, C) is first-order expressible over M , using the same parameters used to define A, B and C, if any.
Next, let's explain that the Leibniz-Mycielski axiom can be expressed as an instance of the principle EL(A, P, Q). 
This property is first-order expressible. The argument is similar to that of [Ena04b, Theorem 4.1.1], due to Solovay, showing that LM is equivalent to LM * , the principle that says that for some fixed formula ϕ(x), any two elements a and b can be distinguished in some V α by ϕ.
Enayat points out in [Ena04b] that the Leibniz-Mycielski axiom implies that there is a definable linear ordering of the universe, making use of various selection principles. Let us briefly provide a direct argument here, explaining why LM implies that there is a definable bijection of the universe with <On 2, which is linearly ordered by the lexical order. It suffices by the class version of the Schröder-Cantor-Bernstein theorem to construct a definable injection of the universe into <On 2. To do so, associate to every object a the set T a of pairs ϕ, α for which V α |= ϕ(a), for α up to the next Σ 2 -correct ordinal β above the rank of a. If a = b, then under LM there is some ordinal α and formula ϕ for which V α |= ϕ(a) ∧ ¬ϕ(b), and this must happen before the next Σ 2 -correct ordinal, which implies that T a = T b . Using Gödel coding, we may view each pair ϕ, α as an ordinal, and thus T a becomes a set of ordinals. So we have a definable injection of the universe into <On 2 and hence also a definable bijection, as well as a definable linear ordering of the universe. Note that if there is any definable linear ordering of the universe, then there is one that is also set-like, simply by stratifying the universe by rank and using the linear order on each level in turn. Meanwhile, if ZFC is consistent, then there are models of ZFC having no linear ordering of the universe that is definable from parameters (see [Ham12] ).
Note that if M is a model of ZF+V = HOD, then any two elements of M can be distinguished by an assertion with ordinal parameters (one of them is the α th element in the OD order and the other is not, for some α), and so V = HOD implies EL(M, M, On M ), or, equivalently, LM. Since ZF + V = HOD is equivalent to the existence of ordinal-definable well-ordering of the universe, we are left with the following natural questions, also asked in [Ena04b] . This property of a model is known as being Leibnizian (see [Ena04a] ), following Leibniz's philosophical view on the identity of indiscernibles, so that every object is uniquely determined by the collection of all its properties. This may be viewed as a weak form of pointwise definability (see [HLR13] ): while pointwise definability means that for every object, there is a formula that defines it, being Leibnizian can be viewed as saying that every element of M is defined by the infinite conjunction of all the formulas in its type, i.e., it is definable in the infinitary language with countable conjunctions and disjunctions. So if M is pointwise definable, then EL(M, M, ∅) holds for M . This implication cannot be reversed, because every pointwise definable model is countable, but Enayat [Ena04a] has proved that there are uncountable Leibnizian models of set theory, which therefore cannot be pointwise definable.
In summary, we have seen that several natural principles studied in set theory can be expressed as instances of the generalized Ehrenfeucht lemma principle EL(A, P, Q).
Algebraicity versus Definability
We would like now to investigate variants of Ehrenfeucht's lemma that arise by replacing the notion of definability with that of algebraicity. The idea of using the model-theoretic concept of algebraicity in set theory originates in [HL13] . If M |= ZF and a, b ∈ M , then b is algebraic over a in M , if there is a finite subset P of M which is definable in M from a, such that b ∈ P . Looking at it closely, it becomes clear that there are two ways of understanding the term "finite" here: should M believe that P is finite, or should P be finite, as viewed from the outside? The former interpretation is what we call internal algebraicity; the latter is external algebraicity, and henceforth we shall intend the external meaning unless stated otherwise.
There are two obvious ways in which one can modify Ehrenfeucht's lemma by replacing definability with algebraicity: firstly, one can ask, in a situation where a, b ∈ M |= ZF and b = a is algebraic in a (possibly allowing parameters), whether it follows that the M -type of b is different from the M -type of a. Secondly, one can ask simply whether the classic Ehrenfeucht's lemma holds for models of set theory not only for the ordinal-definable sets as we proved in theorem 2.1, but also for the ordinal-algebraic sets, the sets that are algebraic in an ordinal parameter. Let us denote the collection of ordinal-algebraic sets of a model M by OA(M ). This latter approach raises a fundamental question on the concept of algebraicity in set theory, which was asked and left open in [HL13] : It is interesting that this question remained unanswered, even though a closely related result seems to suggest that OA should equal OD. In order to state it, let's denote the collection of hereditarily ordinal algebraic sets of M by HOA(M ).
Theorem 4.2 ([HL13, Theorem 1]).
For any model M of ZF, the hereditarily ordinal-algebraic sets are the same as the hereditarily ordinal-definable sets, or in other words,
The proof of this result made use of the hereditary nature of the two classes involved, however, and seems to give no information about the relationship between OA and OD. It was also left open in [HL13] whether the parameter-free versions of the concepts of definability and algebraicity may be different.
Question 4.3 ([HL13])
. Is there a model of ZF in which there is an element that is algebraic (without parameters) but not definable (without parameters)?
We shall answer all these questions. Let us begin with an observation that shows that (even external) algebraicity does not imply definability, if parameters are allowed. Proof. Let A, B and C be the sets used in the proof of theorem 2.5. Let a = {A, B}, and let b = A, say. Clearly, P = a is a finite set definable from a, and b is in it. But the proof of theorem 2.5 shows that {A, B}, A and {A, B}, B satisfy the same formulas in M [c] (with parameters from M ). This shows that neither A nor B can be definable from {A, B} in M [c], using ordinals, or any parameters from M .
The question underlying any further investigation of whether EL(OA(M ), ∅, ∅) for every model M |= ZF holds is the fundamental question whether OA(M ) = OD M necessarily holds. The following is a sufficient condition for when algebraicity and definability coincide.
Observation 4.5. If M |= ZF has a definable linear ordering of its universe, then external algebraicity and definability coincide for M . That is, a set b is externally algebraic over a in M just in case it is definable from a in M .
The fundamental question is answered by the following theorem. The content of the theorem was known to Groszek and Laver, see [GL87] , even though the concept of algebraicity in a set-theoretic context was not considered at the time, and the result was rediscovered by the first author. In order to state it, let us denote Sacks forcing by S, and let us write [ |x| ] for the constructibility degree of a real x. It follows from a homogeneity property of Sacks forcing S that the degrees of a and b have the same type in L[a, b] (using ordinals, or arbitrary parameters from M ): given Sacks conditions p 0 and p 1 , there is an isomorphism between S ≤p0 and S ≤p1 , where S ≤r denotes the restriction of the forcing to conditions that are at least as strong as the Sacks condition r.
To prove the desired indiscernibility of the constructibility degrees of a and b, letȧ andḃ be canonical names for the reals corresponding to the projection of a S × S-generic filter on the first and second coordinates, respectively. Suppose L[a, b] |= ϕ([ |a| ], α), and let p, q ∈ G × H force this, i.e., in L, p, q ϕ([ |ȧ| ], α). Let f : S ≤p ∼ ←→ S ≤q be an isomorphism. Since G × H is S × Sgeneric over L, and since p, q ∈ G × H, it follows that, lettingḠ = G ∩ S ≤p andH = H ∩ S ≤q , G ×H is S ≤p × S ≤q -generic over L. LetĪ = f "Ḡ,J = f −1 "H. Clearly,Ī ×J is S ≤q × S ≤p -generic over L. Let I, J be the closures ofĪ andJ in S under weakening. Clearly, I × J is an S × S-generic filter for L. Let a ′ and b ′ be the Sacks reals corresponding to I and J, respectively. Because f is an isomorphism, we have that
. Now, notice that the canonical coordinate switching automorphism of S × S, which maps r, s to s, r , induces a transformation of S × S names, which takesȧ toḃ anḋ b toȧ. Since we had in L that p, q ϕ([ |ȧ| ], α), it follows by applying the coordinate switching isomorphism that q, p ϕ(
So it is possible that there are more ordinal algebraic sets than there are ordinal definable ones, which makes the question whether EL(OA(M ), ∅, ∅) holds in a model M |= ZF considerably more attractive. The methods of the previous theorem enable us to settle another question from [HL13] fairly easily: can there be a model of set theory in which there are sets that are internally algebraic but not externally? Theorem 4.7. If ZFC is consistent, then there is a model in which there are sets that are internally algebraic, but not externally algebraic, in fact not even externally ordinal algebraic.
Proof. Let M be a model of ZFC + V = L, and let a n | n < ω be a sequence of Sacks reals over M , generic for the ω-fold product of S, with finite-support. Consider the theory consisting of:
1. The ZFC axioms, 2. the sentence expressing "The set of minimal constructibility degrees is finite," 3. for each natural number n, the sentence asserting that there are at least n minimal degrees: ∃v 0 ∃v 1 . . . ∃v n−1 ( i<j<n (v i = v j ) ∧ i<n "v i is a minimal degree") 4. for every formula ψ with two free variables, the sentence asserting that if one minimal degree satisfies a formula in the parameter α, then every minimal degree satisfies that formula in the parameter α:
∀α ∈ On ∀x((x is a minimal degree ∧ ψ(x, α)) −→ ∀y (y is a minimal degree −→ ψ(y, α)))
Using compactness, it is easy to see that this theory is consistent: Given a finite subtheory, one simply has to see what is the largest n such that a sentence of type 3 occurs in it. The methods of theorem 4.6 show that M [a 0 , . . . , a n−1 ] can serve as a model for that subtheory. In a model of that theory, internally, each minimal degree will be algebraic, since such a model will think that the set of minimal degrees is finite. Note that no nonempty proper subset of the set of all minimal degrees will be ordinal definable in such a model, by the axioms in 4. So no minimal degree will be externally ordinal algebraic, since the set of all minimal degrees in that model is externally infinite.
Let us now formally extend the family of Ehrenfeucht Principles, introduced in section 3, to the context of algebraicity. Since the concepts of internal and external algebraicity may differ, we distinguish between them in the formulation of the principles. The internal algebraic Ehrenfeucht's lemma for M , the principle AEL int , gives the same conclusion when b is internally algebraic over a in M . More generally, as before, the principles AEL ext (A, P, Q) and AEL int (A, P, Q) are the corresponding assertions, where A is the set of elements a for which the principle is supposed to hold; P is the set of additional parameters allowed in the algebraic definition of b from a; and Q is the set of parameters allowed in order to distinguish the types of a and b.
